Abstract. We introduce the notion of matched pairs of Courant algebroids and give several examples arising naturally from complex manifolds, holomorphic Courant algebroids, and certain regular Courant algebroids. We consider the matched sum of two Dirac subbundles, one in each of two Courant algebroids forming a matched pair.
Introduction
Matched pairs of algebraic structures occur naturally in several contexts of mathematics. For instance, a matched pair of groupoids, introduced by Mackenzie in [10] while studying double (Lie) groupoids, are two groupoids G ⇒ M and H ⇒ M over the same base M together with a representation of G on H and a representation of H on G compatible such that their product G H is again a groupoid. The infinitesimal version is a matched pair of Lie algebroids, which were introduced by Lu in [9] and studied by Mokri in [12] . They consist of two Lie algebroids A 1 and A 2 over the same base manifold M , together with an A 1 -module structure on A 2 and an A 2 -module structure on A 1 , such that their direct sum A 1 A 2 is again a Lie algebroid. Further examples arise from the study of holomorphic Poisson structures and holomorphic Lie algebroids [7] .
The main goal of this note is to study matched pairs of Courant algebroids. More precisely, we investigate the question under which conditions the direct sum of two Courant algebroids over the same base manifold is still a Courant algebroid. We derive conditions which are similar to those of Lu and Mokri [9, 12] . However, there is a significant difference between matched pairs of Courant algebroids and matched pairs of Lie algebroids. It turns out, unlike Lie algebroids, that each component of the direct sum Courant algebroid of a matched pair is no longer a Courant subalgebroid.
Examples of matched pairs of Courant algebroids have appeared in literature. In connection with the study of port-Hamiltonian systems, Merker considered the Courant algebroid T M ⊕ T * M ⊕ E ⊕ E * , where E → M be a vector bundle endowed with a flat connection ∇ [11] . This is indeed a very simple example of matched pairs of Courant algebroids.
Another class of matched pairs of Courant algebroids arise when studying holomorphic Courant algebroids along a similar line as in the study of holomorphic Lie algebroids [7] . In particular, we prove that a holomorphic Courant algebroid over a complex manifold X is equivalent to a matched pair of (smooth) Courant algebroids satisfying certain special properties, one of which is the standard Courant algebroid T 0,1
of Courant algebroids. In Section 4 we give four classes of examples: Courant algebroids with flat connections, complex manifolds, holomorphic Courant algebroids, and flat regular Courant algebroids. In Section 5, we give a definition of matched pairs of Dirac structures and show that a matched pair of Dirac structures is a matched pair of Lie algebroids. A supergeometric description of matched pairs of Courant algebroids will be discussed elsewhere.
We would like to thank Thomas Strobl and Ping Xu for enlightening discussions.
Preliminaries
We recall the definition of Courant algebroids based on the Dorfman bracket originally introduced in [4, 3] . For a comparison to the bracket introduced by Courant [8] , see [13, 2] . 
where
For any φ, ψ ∈ Γ(E), we have [14] 
Moreover (Df ) φ = 0. Remark 2.2. Complex Courant algebroids are defined similarly except that the pairing is C-valued, the anchor is T M ⊗ C-valued, and C-linearity replaces R-linearity.
In one of his letters to Alan Weinstein, Pavol Ševera described the following example: Example 2.3. To each closed 3-form H on M is associated a Courant algebroid structure on T M ⊕ T * M with inner product
anchor map
and Dorfman bracket
where X, Y ∈ X(M ) and α, β ∈ Ω 1 (M ). This Dorfman bracket is called standard if H = 0 and H-twisted if H = 0.
Definition 2.4. Given an anchored vector bundle
for all f ∈ C ∞ (M ), ψ ∈ Γ(E), and v ∈ Γ(V ).
Definition 2.5 ([12]). Two Lie algebroids A and A form a matched pair when a flat
(for all α, β, γ ∈ Γ(A ) and a, b, c ∈ Γ(A)) are specified.
The following theorem is due to Mokri. 
Theorem 2.6 ([12]). Let
[a + α, b + β] = ([a, b] A + ← − ∇ α b − ← − ∇ β a) + ([α, β] A + − → ∇ a β − − → ∇ b α).
Conversely, given a Lie algebroid L and two Lie subalgebroid
[a, β] = − ← − ∇ β a + − → ∇ a β.
Matched pairs
Let (E, , , ρ, ) be a Courant algebroid. Assume we are given two subbundles
Let pr 1 (resp. pr 2 ) denote the projection of E onto E 1 (resp. E 2 ) and i 1 (resp. i 2 ) denote the inclusion of E 1 (resp. E 2 ) into E, respectively. Assume that E k is itself a Courant algebroid with anchor
A natural question is how to recover the Courant algebroid structure on E from E 1 and E 2 .
Proposition 3.1. The inner product and the anchor map of E are uniquely determined by their restrictions to the subbundles E 1 and E 2 . Indeed, for a, b ∈ Γ(E 1 ) and α, β ∈ Γ(E 2 ), we have
where a ⊕ α is shorthand for i 1 (a) + i 2 (α).
and an E 2 -connection on
These connections preserve the inner products on E 1 and E 2 :
Moreover, we have
for a ∈ Γ(E 1 ) and β ∈ Γ(E 2 ).
Proof. The first two equations follow from Leibniz rule (2) . The next two equations follow from ad-invariance (4). The last equation uses in addition axiom (3) .
where Ω :
In fact Ω is entirely determined by the connection
where :
In fact, is entirely determined by the connection
Proof. From axiom (3) we conclude that the symmetric part of the bracket is given by
Moreover using (4) we get
The formula for occurs under analog considerations for 0 ⊕ α and 0 ⊕ β.
As a consequence, we obtain the formula
which shows that the Dorfman bracket on Γ(E) can be recovered from the Courant algebroid structures on E 1 and E 2 together with the connections ← − ∇ and − → ∇.
Lemma 3.5. The curvatures
In view of Lemma 3.4, it is also skew-symmetric with respect to a and b.
Theorem 3.6. Assume we are given two Courant algebroids E 1 and E 2 over the same manifold M and two connections
preserving the fiberwise metrics and satisfying
, and β ∈ Γ(E 2 ). Then the inner product (13) , the anchor map (14) , and the bracket (26) on the direct sum E = E 1 ⊕ E 2 satisfy (2), (3), and (4). Moreover, the Jacobi identity (1) is fully equivalent to the following group of properties:
Proof. Axioms (2), (3), and (4) are straightforward computations from the definition (26) using (22) and (25). To check the Jacobi identity, it is helpful to compute for triples of sections of E 1 and E 2 , respectively, which gives 8 cases. Equations (31), (32), and (33) arise when pairing the Jacobiator with an arbitrary section of E 1 ⊕ E 2 .
We are now ready to introduce the main notion of the paper. 
We require this to vanish. We can endow E 2 = V with the trivial Courant bracket and trivial anchor. Furthermore, we assume that the E 2 -connection on E 1 is trivial. Then,
This Courant algebroid plays an important role in the study of port-Hamiltonian systems [11] . Let E → M be a vector bundle endowed with a flat connection ∇. The port-Hamiltonian system can be described by a Dirac structure
* the trivial Courant algebroid with vanishing bracket and anchor, and CM ⊕ V their matched pair as explained above. An interesting family of Dirac structures that does not-necessarily project to Dirac structures on CM or V arises from a 2-form ω ∈ Ω 2 (M ) and a so-called port map, which is a bundle map A : T * M → E. The Dirac structure is now the graph of the bundle map 
The complexified tangent bundle T X ⊗ C of a complex manifold X is a smooth complex Lie algebroid. As a vector bundle, it is the direct sum of T 0,1 X and T
1,0
X , which are both Lie subalgebroids.
The Lie bracket of (complex) vector fields induces a T 1,0 X -module structure on T 0,1
and a T 0,1
The flatness of these connections is a byproduct of the integrability of j. We use the same symbol ∇ o to denote the induced connections on the dual spaces:
As in Example 2.3, associated to each H 3,0 ∈ Ω 3,0 (X) such that ∂H 3,0 = 0, there is a complex twisted Courant algebroid structure on C 1,0 
Proposition 4.2. Let H = H
3,0 + H 2,1 + H 1,2 + H 0,3 ∈ Ω 3 (X) ⊗ C, where H i,j ∈ Ω i,j (X), be a closed 3-form. Let (C 1,0 X ) H 3,− → ∇ X⊕α (Y ⊕ β) = ∇ o X Y ⊕ ∇ o X β + H 1,2 (X, Y, ·) (39) ← − ∇ Y ⊕β (X ⊕ α) = ∇ o Y X ⊕ ∇ o Y α + H 2,1 (Y, X, ·) (40) for all X ∈ X 1,0 , α ∈ Ω 1,0 , Y ∈ X 0,1 .
The resulting matched sum Courant algebroid is isomorphic to the standard complex Courant algebroid (T
X ⊕ T * X ) ⊗ C twisted by H.
Definition 4.3. A holomorphic Courant algebroid consists of a holomorphic vector bundle E over a complex manifold X, with sheaf of holomorphic sections E, endowed with a fiberwise Cvalued inner product , inducing a homomorphism of sheaves of
where Θ X denotes the sheaf of holomorphic sections of T X , and a homomorphism of sheaves of C-modules E ⊗ C E − → E satisfying relations (1), (2), (3), and (4), where
Holomorphic Courant algebroids were also studied by Gualtieri, and we refer to [5] for more details. Proof. To prove the uniqueness, assume that there are two complex Courant algebroid structures on the smooth vector bundle E → X whose anchor map and inner products coincide. Moreover the Dorfman brackets coincide on E, the sheaf of holomorphic sections. Then the Dorfman brackets coincide on all of Γ(E), because the holomorphic sections over a coordinate neighborhood of X are dense in the set of smooth sections.
To argue for the existence, note that we want the Leibniz rules
for φ, ψ ∈ Γ(E) and f, g ∈ C ∞ (X). Therefore we define the Dorfman bracket of the smooth sections f · φ and g · ψ, ∀φ, ψ ∈ E, as
First we should argue that this extension is consistent with the bracket defined for holomorphic sections. Assume therefore that f · φ is again holomorphic, where f ∈ C ∞ (X) and φ ∈ E. But this implies that f is holomorphic on the open set where φ is not zero. Therefore on this open set the extension says
where we have used the fact that the two anchor maps coincide for holomorphic sections and
Since the first derivatives of f and g are continuous, the above relation also holds on the closure of the open domain where both φ and ψ do not vanish. But on the complement, which is open, this term is just 0, because at least one of the terms φ or ψ as well as the bracket φ ψ is also 0.
It follows from a straightforward but tedious computation that this bracket fulfills the four axioms (1)- (4) . As an example, we show the proof of the axiom (3):
where, in the last step, we used again the fact that ρ * ∂ = ρ (1,0) * d when applied to holomorphic functions.
Define a flat C 0,1
and a flat E-connection
where pr 0,1 denotes the projection of (
We can write the identity (41) as
Thus we have the following (2)- (4) are straightforward computations by using the fact that the connections preserve the inner product on each Courant algebroid.
Proof. We check that C
It remains to check that the Jacobi identity holds. By Proposition 3.6, it suffices to check that the five properties (29)-(33) hold. All equations are trivially satisfied when a i ∈ E and α i ∈Θ ⊕Ω X ⊂ Γ(C 0,1 X ). So we are left to check that multiplying the a i (or the α i respectively) with smooth functions we get the same additional terms on each side of the equations. This will be demonstrated for (29). The left hand side of (29) is
and the second term vanishes due to (44). For the right hand side
we have RHS(f · a 2 ) = f · RHS(a 2 ). Thus the right hand side is also C ∞ (X)-linear in a 2 . Analog considerations result in coinciding terms for both sides of (29) when multiplying a 1 or α by a smooth function.
In fact, the converse is also true. Proof. The flat C 0,1 -connection induces a flat T 0,1 -connection on B. Hence there is a holomorphic vector bundle E → X such that E 1,0 = B, according to Lemma 4.4. Since the connection ← − ∇ preserves the inner product on B and is compatible with the anchor map (41), E inherits a holomorphic inner product and a holomorphic anchor map. It remains to check that the induced Dorfman bracket is holomorphic as well. If a 1 , a 2 ∈ E are two holomorphic sections of E and α ∈Θ X ⊕Ω X is an anti-holomorphic section of C 1,0 X , then all terms of Equation (29), except the first one, vanish. But then the first one ← − ∇ α (a 1 a 2 ) also has to vanish. This shows that the Dorfman bracket of two holomorphic sections is itself holomorphic.
Flat regular Courant algebroid.
A Courant algebroid E is said to be regular if F := ρ(E) has constant rank, in which case ρ(E) is an integrable distribution on the base manifold M and ker ρ/(ker ρ)
⊥ is a bundle of quadratic Lie algebras over M . It was proved by Chen et al. [1] that the vector bundle underlying a regular Courant algebroid E is isomorphic to F * ⊕ G ⊕ F , where F is the integrable subbundle ρ(E) of T M and G the bundle ker ρ/(ker ρ) ⊥ of quadratic Lie algebras over M . Thus we can confine ourselves to those Courant algebroid structures on F * ⊕ G ⊕ F whose anchor map is
whose pseudo-metric is
and whose Dorfman bracket satisfies
where ξ 1 , ξ 2 ∈ F * , r 1 , r 2 ∈ G, and x 1 , x 2 ∈ F . We call them standard Courant algebroid structures on F * ⊕ G ⊕ F . 
for all x, y, z ∈ Γ(F ) and r, s ∈ Γ(G). Here R ∧ R G denotes the 4-form on F given by
The Dorfman bracket on E = F * ⊕ G ⊕ F is then given by
are defined, respectively, by the relation
and 
Proof. It follows from the flatness of the Courant algebroid that the 3-form H ∈ Ω (53)- (58), we see that, for our choice (61) and (62), both coincide.
Matched pairs of Dirac structures
Recall that a Dirac structure D in a Courant algebroid (E, ., . , , ρ) with split signature is a maximal isotropic and integrable subbundle. On the other hand, we can consider the Dirac structure on CM given by the graph of a Poisson bivector π on M , and the Dirac structure on V ⊕ V * given by the graph of Λ ∈ Γ(∧ 2 V ). They form a matched pair of Dirac structures if and only if [π, Λ] ⊕ = 0
